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Figure 12. CCDF of resource-usage-hours by job for 2011 and 2019
– i.e., the fraction of jobs that use at least G resource-hours. Note
the log-log scale.

for memory), and ignore the outliers at the very end of the
tail (the top 0.01% of jobs), we are able to �t our 2019 data
to Pareto distributions with U = 0.69 (CPU) and U = 0.72
(memory) with an '2 goodness of �t of over 99% in both
cases.

Pareto distributions, particularly those with U < 1, exhibit
a strong heavy-tailed property, where a small number of the
largest jobs comprise most of the load [9]. The “heavy-tailed
property” is far more extreme than the commonly cited “80-
20 rule,” where the 20% largest jobs comprise 80% of the load.
In prior empirical studies of compute consumption and �le
sizes [9, 17–20], the authors observe a heavy-tailed property
where the 1% largest jobs comprise 50% of the load. The
heavy-tailed property we observed in the 2019 traces is even
more extreme: the largest 1% of jobs comprise 99.2% of the
CPU load (99.1% of the memory load), and the largest 0.1%
of jobs comprise 93.1% (92.6%) of the load.

We call the largest 1% of jobs hogs, and the remaining 99%
of jobs mice. A later section discusses some of the conse-
quences of this for workload scheduling.

7.1 Comparison with 2011 data
We see a similar story, albeit not quite so extreme, for the
2011 data (see Table 2 and Figure 12). The 2011 data is a factor
of eight smaller in scale than 2019, and the rawmachine sizes
were di�erent. However, we can still directly compare the
squared coe�cient of variation and the overall distribution
parameters, both of which are invariant to normalization.
Additionally, both 2011 and 2019 resource usage values are
measured in terms of the fraction of available resources at
the time, which means that the results have a similar inter-
pretation.
The 2011 data is not that di�erent from the 2019 data:

both sets of data follow Pareto(U) distributions (see Table

Figure 13. Correlation between compute and median memory
consumption for jobs grouped into 1-hour NCU buckets.

2), for both CPU and memory. The 2011 data is somewhat
less variable (⇠2 values for both CPU and memory usage
are about 4 times lower than in 2019)1 and somewhat less
heavy-tailed in terms of the fraction of load made up by the
largest 1% and 0.01% of jobs – but still very high compared
to other published data. Our general characterization of jobs
into hogs and mice appears to hold consistently across the
years.

We note that [27] claimed that Google compute consump-
tion and memory consumption did not follow power-law
distributions in 2011. This is because their analysis looked
at instantaneous job sizes, not the integral of consumption
over time, so we are looking at di�erent signals.

7.2 Correlations between compute and memory
consumption

Given that compute consumption and memory consumption
follow almost the same distribution (see Figure 12), it is
reasonable to ask whether these metrics are correlated. Our
analysis suggests they are. Figure 13 shows NCU-hours on
the x-axis, quantized into buckets of size 1 NCU-hour. For
each of those buckets of size 1 NCU-hour, we plot (on the
y-axis) the median NMU-hours consumed by jobs that fall
within that bucket. The result is almost a straight line (with
Pearson correlation coe�cient of 0.97): the higher the NCU-
hours used, the higher the median NMU-hours. This is not
entirely surprising as the job duration is a common factor of
both metrics.

1Although the ⇠2 values are lower for the 2011 data, both the mean and
variance are higher for the 2011 data. This is consistent with the fact that the
2011 CCDF curves in Figure 12 stochastically dominates the corresponding
2019 CCDF curves.

Heavy tails are ubiquitous

[Tirmazi et al., 2020]
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ABSTRACT
Machine learning has become a prominent method in many data-
base optimization problems such as cost estimation, index selection
and query optimization. Translating query execution plans into
their vectorized representations is non-trivial. Recently, several
query plan representation methods have been proposed. However,
they have two limitations. First, they do not fully utilize readily
available database statistics in the representation, which charac-
terizes the data distribution. Second, they typically have di!culty
in modeling long paths of information "ow in a query plan, and
capturing parent-children dependency between operators.

To tackle these limitations, we propose!eryFormer, a learning-
based query plan representationmodel with a tree-structured Trans-
former architecture. In particular, we propose a novel scheme to
integrate histograms obtained from database systems into query
plan encoding. In addition, to e#ectively capture the information
"ow following the tree structure of a query plan, we develop a
tree-structured model with the attention mechanism. We integrate
!eryFormer into four machine learning models, each for a data-
base optimization task, and experimental results show that !ery-
Former is able to improve performance of these models signi$cantly.

PVLDB Reference Format:
Yue Zhao, Gao Cong, Jiachen Shi, and Chunyan Miao. QueryFormer: A
Tree Transformer Model for Query Plan Representation. PVLDB, 15(8):
1658 - 1670, 2022.
doi:10.14778/3529337.3529349

PVLDB Artifact Availability:
The source code, data, and/or other artifacts have been made available at
https://github.com/zhaoyue-ntu/QueryFormer.

1 INTRODUCTION
A host of work [9, 16, 17, 30, 36, 37, 39] which leverages machine
learning techniques for database optimizations depends on phys-
ical query plans. A physical query plan describes a sequence of
operations, such as joins and scans, and the algorithms used for
operators during query execution [3]. A physical query plan may

This work is licensed under the Creative Commons BY-NC-ND 4.0 International
License. Visit https://creativecommons.org/licenses/by-nc-nd/4.0/ to view a copy of
this license. For any use beyond those covered by this license, obtain permission by
emailing info@vldb.org. Copyright is held by the owner/author(s). Publication rights
licensed to the VLDB Endowment.
Proceedings of the VLDB Endowment, Vol. 15, No. 8 ISSN 2150-8097.
doi:10.14778/3529337.3529349

Index Scan
t. year > 2000

(d)

Index Scan
mi.type_id = 113

(e)

Index Scan
mc.c_id = 2

(c)

Nested Loop

(a)

Nested Loop

(b)

SELECT * FROM 
title t,
movie_info mi,
movie_companies mc,

WHERE
t.id = mi.movie_id AND
t.id = mc.movie_id AND
mi.type_id = 113 AND
mc.c_id = 2 AND
t.year > 2000

Figure 1: Example query and query plan from JOB-Light.

contain up to hundreds of operations [39] and it can be modeled
as a Directed Acyclic Graph (DAG) where each node describes an
operation and each edge indicates the dependency of two nodes, i.e.,
children nodes are executed $rst and the output of each children
node is fed into the parent. A real-life example of a query and its
query plan is shown in Figure 1.

Physical query plans have been used as the input to the ma-
chine learning models for database optimization tasks such as
cardinality and cost estimation [30], index recommendation [9],
query optimization [16, 17], view selection [37], and join order
selection [18, 36]. Despite targeting on di#erent tasks, the models
proposed in these studies rely on the representations of query plans
to learn the correlations between query plan properties and the
targeted outputs. Therefore, representation learning for physical
query plans, or encoding physical query plans is a cornerstone for
the successful application of machine learning techniques to solve
database tasks with physical plans as the input.

To extract useful features from physical query plans and encode
them into vectors, a number of query plan representation methods
have been proposed. A summary of these approaches is shown in
Table 1 and we will review them and their limitations in Section 2.2.
Overall, they have two limitations: (1) they do not fully utilize the
statistics of database content in the representation, and (2) they have
di!culty in modeling long paths of information "ow and capturing
parent-children dependency.We next illustrate the limitations using
the Tree-LSTMmodel [31] as an example, which is used to represent
physical plans in E2E-Cost [30] for cost estimation. First, E2E-Cost
includes a small sample for each table in the encoding, similar
to the encoding method [12]. However, sampling su#ers from 0-
tuple problem for some queries [22]. In contrast, we argue that
the readily available per-table statistics, such as histograms, can
provide useful knowledge about data distribution [2]. Second, E2E-
Cost uses RNN model, which is generally di!cult to train because
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20 rule,” where the 20% largest jobs comprise 80% of the load.
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where the 1% largest jobs comprise 50% of the load. The
heavy-tailed property we observed in the 2019 traces is even
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squared coe�cient of variation and the overall distribution
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less variable (⇠2 values for both CPU and memory usage
are about 4 times lower than in 2019)1 and somewhat less
heavy-tailed in terms of the fraction of load made up by the
largest 1% and 0.01% of jobs – but still very high compared
to other published data. Our general characterization of jobs
into hogs and mice appears to hold consistently across the
years.

We note that [27] claimed that Google compute consump-
tion and memory consumption did not follow power-law
distributions in 2011. This is because their analysis looked
at instantaneous job sizes, not the integral of consumption
over time, so we are looking at di�erent signals.

7.2 Correlations between compute and memory
consumption

Given that compute consumption and memory consumption
follow almost the same distribution (see Figure 12), it is
reasonable to ask whether these metrics are correlated. Our
analysis suggests they are. Figure 13 shows NCU-hours on
the x-axis, quantized into buckets of size 1 NCU-hour. For
each of those buckets of size 1 NCU-hour, we plot (on the
y-axis) the median NMU-hours consumed by jobs that fall
within that bucket. The result is almost a straight line (with
Pearson correlation coe�cient of 0.97): the higher the NCU-
hours used, the higher the median NMU-hours. This is not
entirely surprising as the job duration is a common factor of
both metrics.

1Although the ⇠2 values are lower for the 2011 data, both the mean and
variance are higher for the 2011 data. This is consistent with the fact that the
2011 CCDF curves in Figure 12 stochastically dominates the corresponding
2019 CCDF curves.
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ABSTRACT
Machine learning has become a prominent method in many data-
base optimization problems such as cost estimation, index selection
and query optimization. Translating query execution plans into
their vectorized representations is non-trivial. Recently, several
query plan representation methods have been proposed. However,
they have two limitations. First, they do not fully utilize readily
available database statistics in the representation, which charac-
terizes the data distribution. Second, they typically have di!culty
in modeling long paths of information "ow in a query plan, and
capturing parent-children dependency between operators.

To tackle these limitations, we propose!eryFormer, a learning-
based query plan representationmodel with a tree-structured Trans-
former architecture. In particular, we propose a novel scheme to
integrate histograms obtained from database systems into query
plan encoding. In addition, to e#ectively capture the information
"ow following the tree structure of a query plan, we develop a
tree-structured model with the attention mechanism. We integrate
!eryFormer into four machine learning models, each for a data-
base optimization task, and experimental results show that !ery-
Former is able to improve performance of these models signi$cantly.
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1 INTRODUCTION
A host of work [9, 16, 17, 30, 36, 37, 39] which leverages machine
learning techniques for database optimizations depends on phys-
ical query plans. A physical query plan describes a sequence of
operations, such as joins and scans, and the algorithms used for
operators during query execution [3]. A physical query plan may
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Index Scan
t. year > 2000

(d)

Index Scan
mi.type_id = 113

(e)

Index Scan
mc.c_id = 2

(c)

Nested Loop

(a)

Nested Loop

(b)

SELECT * FROM 
title t,
movie_info mi,
movie_companies mc,

WHERE
t.id = mi.movie_id AND
t.id = mc.movie_id AND
mi.type_id = 113 AND
mc.c_id = 2 AND
t.year > 2000

Figure 1: Example query and query plan from JOB-Light.

contain up to hundreds of operations [39] and it can be modeled
as a Directed Acyclic Graph (DAG) where each node describes an
operation and each edge indicates the dependency of two nodes, i.e.,
children nodes are executed $rst and the output of each children
node is fed into the parent. A real-life example of a query and its
query plan is shown in Figure 1.

Physical query plans have been used as the input to the ma-
chine learning models for database optimization tasks such as
cardinality and cost estimation [30], index recommendation [9],
query optimization [16, 17], view selection [37], and join order
selection [18, 36]. Despite targeting on di#erent tasks, the models
proposed in these studies rely on the representations of query plans
to learn the correlations between query plan properties and the
targeted outputs. Therefore, representation learning for physical
query plans, or encoding physical query plans is a cornerstone for
the successful application of machine learning techniques to solve
database tasks with physical plans as the input.

To extract useful features from physical query plans and encode
them into vectors, a number of query plan representation methods
have been proposed. A summary of these approaches is shown in
Table 1 and we will review them and their limitations in Section 2.2.
Overall, they have two limitations: (1) they do not fully utilize the
statistics of database content in the representation, and (2) they have
di!culty in modeling long paths of information "ow and capturing
parent-children dependency.We next illustrate the limitations using
the Tree-LSTMmodel [31] as an example, which is used to represent
physical plans in E2E-Cost [30] for cost estimation. First, E2E-Cost
includes a small sample for each table in the encoding, similar
to the encoding method [12]. However, sampling su#ers from 0-
tuple problem for some queries [22]. In contrast, we argue that
the readily available per-table statistics, such as histograms, can
provide useful knowledge about data distribution [2]. Second, E2E-
Cost uses RNN model, which is generally di!cult to train because
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for memory), and ignore the outliers at the very end of the
tail (the top 0.01% of jobs), we are able to �t our 2019 data
to Pareto distributions with U = 0.69 (CPU) and U = 0.72
(memory) with an '2 goodness of �t of over 99% in both
cases.

Pareto distributions, particularly those with U < 1, exhibit
a strong heavy-tailed property, where a small number of the
largest jobs comprise most of the load [9]. The “heavy-tailed
property” is far more extreme than the commonly cited “80-
20 rule,” where the 20% largest jobs comprise 80% of the load.
In prior empirical studies of compute consumption and �le
sizes [9, 17–20], the authors observe a heavy-tailed property
where the 1% largest jobs comprise 50% of the load. The
heavy-tailed property we observed in the 2019 traces is even
more extreme: the largest 1% of jobs comprise 99.2% of the
CPU load (99.1% of the memory load), and the largest 0.1%
of jobs comprise 93.1% (92.6%) of the load.

We call the largest 1% of jobs hogs, and the remaining 99%
of jobs mice. A later section discusses some of the conse-
quences of this for workload scheduling.

7.1 Comparison with 2011 data
We see a similar story, albeit not quite so extreme, for the
2011 data (see Table 2 and Figure 12). The 2011 data is a factor
of eight smaller in scale than 2019, and the rawmachine sizes
were di�erent. However, we can still directly compare the
squared coe�cient of variation and the overall distribution
parameters, both of which are invariant to normalization.
Additionally, both 2011 and 2019 resource usage values are
measured in terms of the fraction of available resources at
the time, which means that the results have a similar inter-
pretation.
The 2011 data is not that di�erent from the 2019 data:

both sets of data follow Pareto(U) distributions (see Table

Figure 13. Correlation between compute and median memory
consumption for jobs grouped into 1-hour NCU buckets.

2), for both CPU and memory. The 2011 data is somewhat
less variable (⇠2 values for both CPU and memory usage
are about 4 times lower than in 2019)1 and somewhat less
heavy-tailed in terms of the fraction of load made up by the
largest 1% and 0.01% of jobs – but still very high compared
to other published data. Our general characterization of jobs
into hogs and mice appears to hold consistently across the
years.

We note that [27] claimed that Google compute consump-
tion and memory consumption did not follow power-law
distributions in 2011. This is because their analysis looked
at instantaneous job sizes, not the integral of consumption
over time, so we are looking at di�erent signals.

7.2 Correlations between compute and memory
consumption

Given that compute consumption and memory consumption
follow almost the same distribution (see Figure 12), it is
reasonable to ask whether these metrics are correlated. Our
analysis suggests they are. Figure 13 shows NCU-hours on
the x-axis, quantized into buckets of size 1 NCU-hour. For
each of those buckets of size 1 NCU-hour, we plot (on the
y-axis) the median NMU-hours consumed by jobs that fall
within that bucket. The result is almost a straight line (with
Pearson correlation coe�cient of 0.97): the higher the NCU-
hours used, the higher the median NMU-hours. This is not
entirely surprising as the job duration is a common factor of
both metrics.

1Although the ⇠2 values are lower for the 2011 data, both the mean and
variance are higher for the 2011 data. This is consistent with the fact that the
2011 CCDF curves in Figure 12 stochastically dominates the corresponding
2019 CCDF curves.
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Machine learning has become a prominent method in many data-
base optimization problems such as cost estimation, index selection
and query optimization. Translating query execution plans into
their vectorized representations is non-trivial. Recently, several
query plan representation methods have been proposed. However,
they have two limitations. First, they do not fully utilize readily
available database statistics in the representation, which charac-
terizes the data distribution. Second, they typically have di!culty
in modeling long paths of information "ow in a query plan, and
capturing parent-children dependency between operators.

To tackle these limitations, we propose!eryFormer, a learning-
based query plan representationmodel with a tree-structured Trans-
former architecture. In particular, we propose a novel scheme to
integrate histograms obtained from database systems into query
plan encoding. In addition, to e#ectively capture the information
"ow following the tree structure of a query plan, we develop a
tree-structured model with the attention mechanism. We integrate
!eryFormer into four machine learning models, each for a data-
base optimization task, and experimental results show that !ery-
Former is able to improve performance of these models signi$cantly.
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Figure 1: Example query and query plan from JOB-Light.

contain up to hundreds of operations [39] and it can be modeled
as a Directed Acyclic Graph (DAG) where each node describes an
operation and each edge indicates the dependency of two nodes, i.e.,
children nodes are executed $rst and the output of each children
node is fed into the parent. A real-life example of a query and its
query plan is shown in Figure 1.

Physical query plans have been used as the input to the ma-
chine learning models for database optimization tasks such as
cardinality and cost estimation [30], index recommendation [9],
query optimization [16, 17], view selection [37], and join order
selection [18, 36]. Despite targeting on di#erent tasks, the models
proposed in these studies rely on the representations of query plans
to learn the correlations between query plan properties and the
targeted outputs. Therefore, representation learning for physical
query plans, or encoding physical query plans is a cornerstone for
the successful application of machine learning techniques to solve
database tasks with physical plans as the input.

To extract useful features from physical query plans and encode
them into vectors, a number of query plan representation methods
have been proposed. A summary of these approaches is shown in
Table 1 and we will review them and their limitations in Section 2.2.
Overall, they have two limitations: (1) they do not fully utilize the
statistics of database content in the representation, and (2) they have
di!culty in modeling long paths of information "ow and capturing
parent-children dependency.We next illustrate the limitations using
the Tree-LSTMmodel [31] as an example, which is used to represent
physical plans in E2E-Cost [30] for cost estimation. First, E2E-Cost
includes a small sample for each table in the encoding, similar
to the encoding method [12]. However, sampling su#ers from 0-
tuple problem for some queries [22]. In contrast, we argue that
the readily available per-table statistics, such as histograms, can
provide useful knowledge about data distribution [2]. Second, E2E-
Cost uses RNN model, which is generally di!cult to train because
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Figure 11: Ranking objects solely based on aggregate delaymay lead
to poor utilization of cache space.

delay of 5 andwill be accessed only 10 timesteps in the future. Should
the rank function preferAorB?Assumingwe keep the cached object
until its next access, keepingAutilizes one cache line –which cannot
be used for other objects – for a very long interval. On average, each
timestep we keepA in the cache will ‘save’ an average of 6

100 units of
delay. On the other hand, for each timestep we keep B in the cache,
we save an average of 5

10 units of delay, with the opportunity to
cache other objects in the remaining 90 timesteps. Hence, B appears
to be – on average – a more e�cient use of cache space.6

Following this intuition, our o�ine ranking function, ���������,
computes two values for each object.A��Dela�(x) is the aggregate
delay for the next access to object x , andTTNA(x) is the number of
timesteps until the next access to x .7 The rank is then:

Rank(x)= A��Dela�(x)
TTNA(x) (3)

We �nd that, across allZ values, the average request latency pro-
vided by ��������� is within 0.1-12% of ���������. In Figure 12, we
show the average latency for ��������� and ��������� (normalized
against the performance of Belady’s algorithm) for a range ofZ val-
ues for the CAIDA Chicago network trace; ��������� closely trails
���������, although the gap between the two widens asZ grows.
Furthermore, ��������� runs several orders of magnitude faster
than ���������, computing a cache schedule in under 3 seconds for
a trace containing 250,000 requests, where ���������would take
up to 8 hours.

4.2 Online Algorithm:���
Finally, we turn to the true online setting, where we both need

to use simple heuristics to rank objects and do not have knowledge
of the future. Fortunately, we can use the past to make predictions
about the future. Just as LRU uses recency as a ranking function –
the ‘inverse’ of Belady’s algorithm – we need to ‘�ip’ our measures
ofA��Dela�(x) andTTNA(x) to use data from past requests rather
than future ones.
6This intuition does not necessarily lead to optimal decisions! For example, if we were
to prefer B and evict A, but in the 90 timesteps after B no other requests arrived then
it would have been better to prefer A.
7Note that Belady’s algorithm uses the ranking function 1

TTNA(x ) alone.

Figure 12: ��������� closely trails ���������.

Luckily,wealreadyhavea large literatureofestimators forTTNA(x),
as almost all algorithmsareessentiallypredictorsof thenext access to
an object. Recall that Belady’s algorithm ranks objects byTTNA(x)
alone, and is optimal in the absence of delayed hits. Hit-rate optimiz-
ing algorithms aim to operate as close to Belady as possible [55], and
so the closer their ranking function is to 1

TT NA(x ) , the better they
perform. Hence, in §5we experiment with using LRU [64], ARC [41],
and LHD [5] as estimators ofTTNA(x).
This leaves us with estimatingA��Dela�(x). Recall that we mea-

sure Aggregate Delay by assuming that the next request to object x
will be a miss, and computing the sum of delays for the miss to x and
any subsequent delayed hits for x . We ‘�ip’ this by assuming that
all past requests to x were misses and then calculating the average
aggregate delay per miss; we illustrate this in Algorithm 1.We �nd
that this approximates the trueA��Dela�(x)well, e.g.with a Pearson
Correlation Coe�cient of 0.7 for the network trace.
Finally, to create ���, we combine the code8 from Algorithm 1

with a known estimator forTTNA(x).We can now compute the rank
using Eq. (3).

Algorithm 1 Estimating AggregateDelay
1: structO�����M�������
2: NumWindows = 0
3: CumulativeDelay = 0
4: WindowStartIdx = �1
5:
6: function E�������A��������D����(X:O�����M�������)
7: return X.CumulativeDelay

X.NumWindows
8: end function
9:
10: functionO�A�����(TimeIdx, X:O�����M�������)
11: // Time since start of the previous miss window
12: TSSW = (TimeIdx - X.WindowStartIdx)
13:
14: if TSSW � Z then
15: // This access commences a newmiss window
16: X.NumWindows += 1
17: X.CumulativeDelay += Z
18: X.WindowStartIdx = TimeIdx
19: else
20: // This access is part of the previous miss window
21: X.CumulativeDelay += (Z - TSSW)
22: end if
23: end function

We note that parallel work [40] in our group has shown that any
deterministic online algorithm for the delayed hits problem has a
competitive ratio9 of �(kZ ), wherek is the size of the cache. Despite
falling in that category, our empirical evaluations show that ���
yields considerable latency improvements over traditional caching
algorithms, and its simplicity lends itself well to implementation.We
leave to future work to �nd a randomized caching strategy which
improves upon���’s worst-case performance.

8For the sake of brevity, the provided pseudocode assumes discrete timesteps and prior
knowledge of Z . Both of these assumptions are easily dispensable.
9The competitive ratio of an online algorithm, � , is the worst-case ratio between the
costs of the solution computed by � to that of the optimal, o�ine solution for the same
problem instance. Knowledge of a caching algorithm’s competitive ratio allows us to
impose bounds on its worst-case performance (i.e. for themost pessimal workload) [57].
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will be a miss, and computing the sum of delays for the miss to x and
any subsequent delayed hits for x . We ‘�ip’ this by assuming that
all past requests to x were misses and then calculating the average
aggregate delay per miss; we illustrate this in Algorithm 1.We �nd
that this approximates the trueA��Dela�(x)well, e.g.with a Pearson
Correlation Coe�cient of 0.7 for the network trace.
Finally, to create ���, we combine the code8 from Algorithm 1

with a known estimator forTTNA(x).We can now compute the rank
using Eq. (3).
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We note that parallel work [40] in our group has shown that any
deterministic online algorithm for the delayed hits problem has a
competitive ratio9 of �(kZ ), wherek is the size of the cache. Despite
falling in that category, our empirical evaluations show that ���
yields considerable latency improvements over traditional caching
algorithms, and its simplicity lends itself well to implementation.We
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Rank(x)= A��Dela�(x)
TTNA(x) (3)

We �nd that, across allZ values, the average request latency pro-
vided by ��������� is within 0.1-12% of ���������. In Figure 12, we
show the average latency for ��������� and ��������� (normalized
against the performance of Belady’s algorithm) for a range ofZ val-
ues for the CAIDA Chicago network trace; ��������� closely trails
���������, although the gap between the two widens asZ grows.
Furthermore, ��������� runs several orders of magnitude faster
than ���������, computing a cache schedule in under 3 seconds for
a trace containing 250,000 requests, where ���������would take
up to 8 hours.

4.2 Online Algorithm:���
Finally, we turn to the true online setting, where we both need

to use simple heuristics to rank objects and do not have knowledge
of the future. Fortunately, we can use the past to make predictions
about the future. Just as LRU uses recency as a ranking function –
the ‘inverse’ of Belady’s algorithm – we need to ‘�ip’ our measures
ofA��Dela�(x) andTTNA(x) to use data from past requests rather
than future ones.
6This intuition does not necessarily lead to optimal decisions! For example, if we were
to prefer B and evict A, but in the 90 timesteps after B no other requests arrived then
it would have been better to prefer A.
7Note that Belady’s algorithm uses the ranking function 1

TTNA(x ) alone.
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Luckily,wealreadyhavea large literatureofestimators forTTNA(x),
as almost all algorithmsareessentiallypredictorsof thenext access to
an object. Recall that Belady’s algorithm ranks objects byTTNA(x)
alone, and is optimal in the absence of delayed hits. Hit-rate optimiz-
ing algorithms aim to operate as close to Belady as possible [55], and
so the closer their ranking function is to 1

TT NA(x ) , the better they
perform. Hence, in §5we experiment with using LRU [64], ARC [41],
and LHD [5] as estimators ofTTNA(x).
This leaves us with estimatingA��Dela�(x). Recall that we mea-

sure Aggregate Delay by assuming that the next request to object x
will be a miss, and computing the sum of delays for the miss to x and
any subsequent delayed hits for x . We ‘�ip’ this by assuming that
all past requests to x were misses and then calculating the average
aggregate delay per miss; we illustrate this in Algorithm 1.We �nd
that this approximates the trueA��Dela�(x)well, e.g.with a Pearson
Correlation Coe�cient of 0.7 for the network trace.
Finally, to create ���, we combine the code8 from Algorithm 1

with a known estimator forTTNA(x).We can now compute the rank
using Eq. (3).

Algorithm 1 Estimating AggregateDelay
1: structO�����M�������
2: NumWindows = 0
3: CumulativeDelay = 0
4: WindowStartIdx = �1
5:
6: function E�������A��������D����(X:O�����M�������)
7: return X.CumulativeDelay

X.NumWindows
8: end function
9:
10: functionO�A�����(TimeIdx, X:O�����M�������)
11: // Time since start of the previous miss window
12: TSSW = (TimeIdx - X.WindowStartIdx)
13:
14: if TSSW � Z then
15: // This access commences a newmiss window
16: X.NumWindows += 1
17: X.CumulativeDelay += Z
18: X.WindowStartIdx = TimeIdx
19: else
20: // This access is part of the previous miss window
21: X.CumulativeDelay += (Z - TSSW)
22: end if
23: end function

We note that parallel work [40] in our group has shown that any
deterministic online algorithm for the delayed hits problem has a
competitive ratio9 of �(kZ ), wherek is the size of the cache. Despite
falling in that category, our empirical evaluations show that ���
yields considerable latency improvements over traditional caching
algorithms, and its simplicity lends itself well to implementation.We
leave to future work to �nd a randomized caching strategy which
improves upon���’s worst-case performance.

8For the sake of brevity, the provided pseudocode assumes discrete timesteps and prior
knowledge of Z . Both of these assumptions are easily dispensable.
9The competitive ratio of an online algorithm, � , is the worst-case ratio between the
costs of the solution computed by � to that of the optimal, o�ine solution for the same
problem instance. Knowledge of a caching algorithm’s competitive ratio allows us to
impose bounds on its worst-case performance (i.e. for themost pessimal workload) [57].
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aggregate delay per miss; we illustrate this in Algorithm 1.We �nd
that this approximates the trueA��Dela�(x)well, e.g.with a Pearson
Correlation Coe�cient of 0.7 for the network trace.
Finally, to create ���, we combine the code8 from Algorithm 1

with a known estimator forTTNA(x).We can now compute the rank
using Eq. (3).

Algorithm 1 Estimating AggregateDelay
1: structO�����M�������
2: NumWindows = 0
3: CumulativeDelay = 0
4: WindowStartIdx = �1
5:
6: function E�������A��������D����(X:O�����M�������)
7: return X.CumulativeDelay

X.NumWindows
8: end function
9:
10: functionO�A�����(TimeIdx, X:O�����M�������)
11: // Time since start of the previous miss window
12: TSSW = (TimeIdx - X.WindowStartIdx)
13:
14: if TSSW � Z then
15: // This access commences a newmiss window
16: X.NumWindows += 1
17: X.CumulativeDelay += Z
18: X.WindowStartIdx = TimeIdx
19: else
20: // This access is part of the previous miss window
21: X.CumulativeDelay += (Z - TSSW)
22: end if
23: end function

We note that parallel work [40] in our group has shown that any
deterministic online algorithm for the delayed hits problem has a
competitive ratio9 of �(kZ ), wherek is the size of the cache. Despite
falling in that category, our empirical evaluations show that ���
yields considerable latency improvements over traditional caching
algorithms, and its simplicity lends itself well to implementation.We
leave to future work to �nd a randomized caching strategy which
improves upon���’s worst-case performance.

8For the sake of brevity, the provided pseudocode assumes discrete timesteps and prior
knowledge of Z . Both of these assumptions are easily dispensable.
9The competitive ratio of an online algorithm, � , is the worst-case ratio between the
costs of the solution computed by � to that of the optimal, o�ine solution for the same
problem instance. Knowledge of a caching algorithm’s competitive ratio allows us to
impose bounds on its worst-case performance (i.e. for themost pessimal workload) [57].
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and LHD [5] as estimators ofTTNA(x).
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will be a miss, and computing the sum of delays for the miss to x and
any subsequent delayed hits for x . We ‘�ip’ this by assuming that
all past requests to x were misses and then calculating the average
aggregate delay per miss; we illustrate this in Algorithm 1.We �nd
that this approximates the trueA��Dela�(x)well, e.g.with a Pearson
Correlation Coe�cient of 0.7 for the network trace.
Finally, to create ���, we combine the code8 from Algorithm 1

with a known estimator forTTNA(x).We can now compute the rank
using Eq. (3).

Algorithm 1 Estimating AggregateDelay
1: structO�����M�������
2: NumWindows = 0
3: CumulativeDelay = 0
4: WindowStartIdx = �1
5:
6: function E�������A��������D����(X:O�����M�������)
7: return X.CumulativeDelay

X.NumWindows
8: end function
9:
10: functionO�A�����(TimeIdx, X:O�����M�������)
11: // Time since start of the previous miss window
12: TSSW = (TimeIdx - X.WindowStartIdx)
13:
14: if TSSW � Z then
15: // This access commences a newmiss window
16: X.NumWindows += 1
17: X.CumulativeDelay += Z
18: X.WindowStartIdx = TimeIdx
19: else
20: // This access is part of the previous miss window
21: X.CumulativeDelay += (Z - TSSW)
22: end if
23: end function

We note that parallel work [40] in our group has shown that any
deterministic online algorithm for the delayed hits problem has a
competitive ratio9 of �(kZ ), wherek is the size of the cache. Despite
falling in that category, our empirical evaluations show that ���
yields considerable latency improvements over traditional caching
algorithms, and its simplicity lends itself well to implementation.We
leave to future work to �nd a randomized caching strategy which
improves upon���’s worst-case performance.

8For the sake of brevity, the provided pseudocode assumes discrete timesteps and prior
knowledge of Z . Both of these assumptions are easily dispensable.
9The competitive ratio of an online algorithm, � , is the worst-case ratio between the
costs of the solution computed by � to that of the optimal, o�ine solution for the same
problem instance. Knowledge of a caching algorithm’s competitive ratio allows us to
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Problem: many students lack math background
Solution: hand-wave

Problem: how to know when to hand-wave?
Solution: clear rules for hand-waving
• Principles: rules that work most of the time
• Recipes: common patterns for using principles

Problem: each topic needs many principles
Solution: focus on a few very powerful topics
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Metrics: define using long-run averages
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current state

Goal: clear process definition
Non-goal (yet): tractable analysis
Non-goal: verifying Markov property

State: all info we need to describe evolution

deterministic flow
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12

Dynamics:
• If list nonempty: decrease r1 at rate 1
• When r1 = 0: remove r1 from list
• Poisson(λ): draw from S, append it to list

[r1, . . . , rn]

<latexit sha1_base64="K3IuW9iQNfBjEiuKsfOcizMWAlg="></latexit>

State: list with remaining work of each job

w([r1, . . . , rn]) = r1 + · · ·+ rn

<latexit sha1_base64="T3ssC8f0Sa2aR7072NUl8KU67Tg="></latexit>

Work:

q([r1, . . . , rn]) = (n� 1)+

<latexit sha1_base64="LspOQIdax6sVPCdukiSKGtyA/Ug="></latexit>

Queue length:
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X(t) = state at time t

mean waiting time = Earrival[w(X)]

mean number in queue = Etime[q(X)]

time

work

time

work

Earrival[ f (X )] =

P
t arrival f (X (t))
# arrivals

<latexit sha1_base64="pp9XEzJi1DKKlQ5S1Zbk52bhdGg="></latexit>

Etime[ f (X )] =

R long time
0 f (X (t))dt

long time

<latexit sha1_base64="+3jAuf2u2UtBMQ0pZlWP59XVXr0="></latexit>
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Base principle: when averaging over entire timeline, 

ignore edge effects

Rate conservation law: 
for any f, average rate of change in f(X) is 0

requires 
stability!

Little's law Renewal-reward Palm inversion
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Performance modeling 
needs advanced math

We can teach advanced 
math accessibly

Simplify core 
foundations

Prioritize very 
flexible tools

Part 2

Part 1


